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1. Introduction: Matching of HQET to QCD
We work along the lines of the ALPHA collaboration’s strategy for B–physics via non-perturbative
HQET, as it was introduced in [1] and applied e.g. in [2] and [3]. Eventually, the results from
HQET observables on the large volume CLS configurations [4] have to be matched with finite
volume QCD calculations to determine the matrix elements we want to investigate.
The matching ensembles on the QCD side are generated on a so-called line of constant physics
(LCP), to ensure clean extrapolations to the continuum at all stages of the computation. The first
part of the definition of the LCP is a fixed physical extent L of the generated lattice ensembles since
the renormalization scale is defined by µ ≡ 1/L. The exact value of the lattice size is not of concern,
as long as it is the same for all ensembles. For the matching volume, we aim for a lattice extension
of about L1 ≈ 0.5fm which can be translated in a gradient flow coupling of g¯2GF(L1/2)≈ 4 [5]. As
second part of the definition, we set the dynamical light quark masses to zero, Lm(L) = 0 for our
mass-independent renormalization scheme.
Fixing the matching volume & target precision
We wish to fix the physical extent of the matching volume L1 through a careful tuning of the
gradient flow running coupling g¯2GF(L1/2) at the smaller tuning volume with L = L0 ≡ L1/2 and
T = L. We aim at a relative precision of about ∆L0/L0 = 0.01, which amounts to an improvement
of about a factor three compared to the Nf = 2 work [3].
To translate this goal into an estimate for the target precision of the coupling, one can em-
ploy the renormalization group equation, which implies for generic L and associated finite-volume
renormalized coupling g¯(L) and β -function β (g¯), respectively,
∆L
L
=− ∆g¯
2
2 g¯β (g¯)
=
[ −g¯
2β (g¯)
]
∆g¯2
g¯2
(1.1)
in terms of the relative error ∆g¯2/g¯2 of g¯2.
Since the envisaged matching volume corresponds to values of the renormalized coupling
g¯ ≡ g¯GF in the non-perturbative regime, we employ for β (g¯) the expression taken from eq. (4.12)
of [5], β (g¯) = −g¯3/(p0 + p1g¯2 + p2g¯4) , and the choice (4.15) for the coefficients from the same
reference, which parametrizes the non-perturbative β -function as determined from the results on
the gradient flow running coupling in this low-energy regime.
The target for the gradient flow coupling g¯2GF(L1/2) = g¯
2∗ is set by our largest ensemble with
L0/a = 32 lattice points in all spatial and temporal directions. After the coupling on this ensemble
has been measured to the desired precision, the ensembles with larger lattice spacings are tuned
to this target coupling. As a guide for the initially guessed β ≡ 6/g20 for the L0/a = 24,32 en-
sembles, the available coupling data in table 1 of [5] was used. It served also as starting point for
interpolations in β to reach the desired coupling. The current status of the tuning is shown in fig. 1.
With g¯2∗ = g¯2GF(L0/a = 32) = 3.949 as the value determined on our simulation with L0/a = 32,
one can solve (1.1) for ∆g¯2/g¯2. One then arrives at ∆g¯
2
g¯2 = 0.0047 and ∆g¯
2 = 0.0187 for the rel-
ative and absolute errors as the desired target precision of the gradient flow coupling at the target
coupling. The use of the perturbative β -function with the two universal coefficients b0 and b1 from
ref. [6] leads to slightly larger values.
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Having the final value of the coupling at hand, we can also estimate the extent of the volume
in physical units that is implicitly fixed by a value of the coupling using the results of [7]. This is
done applying eq. (5.5) of [5] for the scale factor s = L2/L1 between two given coupling values,
g2 = g¯(L2) and g1 = g¯(L1), and inserting the non-perturbative parametrization of β from above.
The physical extent then can be calculated with the additional knowledge of the value of the
coupling at a certain hadronic scale corresponding to the choice "µhad,1" in [7]. This is related
through µ?ref/µhad = 2.428(18) to the reference scale µ
?
ref = 478(7)MeV, which is defined and
extracted from the CLS Nf = 2+1 large volume simulation results in [7]. With L0 = 2.428s Lref , the
scaling factor s and the couplings g¯2GF(Lhad) = 11.31 and g¯
2
GF(L0) = 3.949 , we get
L0 = 0.25fm , L1 = 2L0 = 0.50fm . (1.2)
for the physical extents of our ensembles. In the matching volume L1 we use five different reso-
lutions with lattices ranging from 24 to 64 lattice points in every direction corresponding to lattice
spacings a with 0.0078fm≤ a≤ 0.021fm.
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Figure 1: Current status of the tuning: Gra-
dient flow coupling g¯2GF(L1/2) for the tuned
ensembles with varying lattice spacings.
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Figure 2: Fit of mhh and mlh to the PCAC
masses versus ∆amh for L0/a = 12. Er-
rors are smaller than the symbol sizes.
2. Improvement coefficients and renormalization constant: Strategy
The computation of the dependence of the finite-volume observables on the renormalized
heavy quark mass requires the determination of various improvement coefficients and renormal-
ization constants. The renormalization group invariant (RGI) mass in the O(a) improved theory is
determined from the bare subtracted heavy quark mass mq,h via the relation
Mh = h(L)Zm(g0,L/a)
(
1+bm(g0)amq,h
)
mq,h + O(a2) , (2.1)
where Zm(g0,L/a) =
Z(g0)ZA(g0)
ZP(g0,L/a)
, amq,h =
1
2
(
1
κh
− 1
κcr
)
. (2.2)
The renormalization factor of the axial vector current ZA is available from [8] and [9], and the
necessary interpolation formula for the running factor h(L) is given in [6]. With these formulas, we
end up with h(L0) = M/m(L0) = 1.4744(87) for the running factor to our tuning volume.
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For the calculation of the RGI mass following eq. (2.1), the improvement coefficient bm and
the normalization constants Z and ZP need to be determined. These quantities are calculated on the
tuning ensembles with L = L0 to avoid correlations with the matching observables.
The pseudoscalar renormalization constant ZP can be calculated following the strategy of [10].
The definitions of estimators to calculate the improvement coefficient bm and the renormalization
constant Z based on the non-degenerate improved bare current quark mass mi j from the PCAC
relation have first been derived in the context of the quenched analysis in [11].
As it can be seen, in eqs. (2.26–2.28) of [12], Rm can be calculated up to O(a) effects which
introduces O(a2) effects in the masses, whereas RZ , to this order, suffers only from sea quark
effects. While at the chosen line of constant physics the sea quark effects are expected to vanish,
the O(a) ambiguities due to heavy valence quark masses can be substantial.
In contrast to the quenched and the two-flavor case, the estimators are not directly calculated
for distinct choices of degenerate and non-degenerate valence quark masses. Instead they are de-
termined from smoothly interpolated functions mhh(x) of the degenerate heavy-heavy masses and
mlh(x) of the non-degenerate light-heavy masses, depending on the mass difference
x≡ ∆amh = amq,h−amq,l = 12
(
1
κh
− 1
κl
)
(2.3)
in the subtracted quark masses, where l denotes the light valence quark mass equal to the sea quark
masses. The used fit formulas for the heavy-heavy mhh(x) and the light-heavy current masses mlh(x)
and the resulting formulas for the estimators are justified and derived in full detail in [13], where
our fit method is established for a region of stronger coupling compared to the case described here.
In ref. [12] it was observed, that the O(a) ambiguities are suppressed, when the improvement
coefficients are calculated at the hopping parameter of the bare subtracted quark mass, which is
improved. The interpolation strategy makes it possible to determine the coefficients at this hopping
parameter at the stage of the matching, after the measurements have been finished.
3. Improvement coefficients and renormalization constant: Results
Interpolation in the heavy quark mass
We applied our strategy for the extraction of the improvement coefficients and the renormaliza-
tion constant to five different ensembles with varying lattice spacing, all lying on the LCP defined
above. We use the Schrödinger functional setup on L3× T , L = T , lattices with Lüscher-Weisz
gluons and three degenerate flavors of Wilson-clover fermions. On every ensemble the necessary
Schrödinger functional correlation functions for the calculation of the PCAC masses are measured
for several heavy valence quarks on a range between the (vanishing) sea quark mass and the bot-
tom quark mass. For some ensembles measurements at negative quark masses are done, in order to
investigate their effect on stabilizing the fits.
A representative result for the simultaneous fit of the functions mhh(x) and mlh(x) to the cal-
culated PCAC masses is shown in figure 2. As constructed by the fit functions, the curves meet at
the unitary point l = h at x = 0. Having the interpolation formulas at hand, the estimators can be
calculated for every heavy valence quark mass inside our interpolation range.
3
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Figure 3: Estimators Rm and RZ based on the interpolation in the current quark masses
Lx = L2 (
1
κh − 1κl ) together with the estimators based on the plateau averages of calculations on single
time slices.
From the definitions of the estimators, variations of O(amq,h) are expected. To investigate
these variations, the estimators are calculated in the whole chosen range of valence quark masses.
The results for the coarsest ensemble are shown in figure 3, where the errors are the statistical
ones calculated with the Γ-method [14], to handle possible autocorrelations. As expected, the
estimator RZ shows only mild variations with the heavy quark mass, while for Rm the variations are
quite significant. The estimators coming from the interpolating functions can be compared with
estimators directly calculated in the way it was done in the former analyses [11, 12]. As expected,
the directly calculated values fall onto the interpolating curves, which gives us confidence in the
correctness of our method.
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Figure 4: Coupling dependence of the estimators Rm and RZ for three different choices of heavy
quark masses together with the one-loop perturbative predictions from [15] and [16].
Dependence on the coupling
When the analysis is done for all lattice spacings, the dependence of the estimators on the bare
coupling g20 can be investigated. The LCP can now be extended to include the condition Lx = const.
for the valence quarks to ensure the same physics on every ensemble. This fixation to the evaluation
at a constant mass difference does not need a fine-tuning of the valence quark hopping parameters
κh, as it would have been the case for a determination at distinct mass differences. The results for
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three different choices of heavy valence quark masses are depicted in figure 4 together with the
one-loop perturbative predictions. The estimators seem to vary smoothly with the coupling, slight
deviations may have their origin in the fact that at the shown status the used ensembles were not
fully tuned to the line of constant physics. As expected, the differences between the three chosen
quark masses get smaller, when the bare coupling (and with it the lattice spacing) is decreased.
For the improvement and renormalization of the quark mass on our matching ensembles, the
results from the tuning ensembles can be used directly. For future use, interpolation formulas for
the shown coupling region will be fitted to the final data, as it was done in the two-flavor case [12]
and the CLS coupling region [13]. In any case the position of the non-perturbatively determined
points and the curvature of the g20-behavior show a considerable deviation from the perturbative
prediction and it remains open, how the curves approach in the limit of vanishing coupling.
Investigation of O(a) ambiguities
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Figure 5: Differences ∆RZ between standard
and improved derivatives towards the contin-
uum limit.
The estimators only give the improvement
coefficient up to O(a) and (for vanishing sea
quark mass) the renormalization constant up
to O(a2). Different choices in the improve-
ment conditions lead to different O(a) effects,
i.e. there is an ambiguity between the possible
choices. Every change in the improvement con-
ditions gives a new set of estimators. This does
not introduce any problems in the continuum
extrapolation, as long as the same condition is
chosen for every lattice spacing, since the dif-
ferences are expected to vanish smoothly in the
continuum [11].
The expected disappearance of the ambiguities in the continuum limit is investigated by com-
paring different choices in the improvement conditions. Here, the definitions of the lattice deriva-
tives for the calculation of the PCAC masses is changed as it was done in ref. [11].
The differences ∆RZ = RZ(impr. deriv.)−RZ(std. deriv.) are depicted in figure 5. Towards the
continuum limit, the anticipated O(a2) effects for RZ can be seen. Similar test have been done for
various choices in the definition of our improvement condition and all estimators.
4. Discussion and outlook
With the values for bm and Z calculated in this work, ZP from the same ensembles, h(L) from
[6] and ZA from [9], the RGI mass Mh (and z ≡ LMh) can be calculated from eq. (2.1). With the
current status of the tuning runs, an error budget for the final results can be estimated from the
finest lattice with L0/a = 32. The error on the running factor h(L) is to be added in quadrature to
the error from the other factors only in the continuum limit, cf. [6]. Without the running factor and
with the current statistics, we get a relative error ∆z/z = 0.31%. When the error on the running
factor ∆h/h = 0.59% is added, we end up with a total error of ∆z/z = 0.67%. As in the two-flavor
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case [12], the running factor is responsible for the dominant part of the total error, although the
relative error on h is reduced by 35% compared to the two-flavor analysis [10].
On the way to the non-perturbative finite-volume matching of QCD to HQET we made the first
step by tuning the bare parameters of our ensembles in the tuning volume with L = L1/2 to ensure
a line of constant physics. The use of the gradient flow coupling enables us to tune the physical
lattice sizes to the desired precision. Already existing interpolation formulas ensured a successful
tuning to vanishing sea quark masses. By now, first simulations for our ensembles in the matching
volume have been started with the parameters gained from the tuning on the small lattices.
Although the tuning is nearly completed, the tuning ensembles are still of use. The missing
factors for the calculation of the RGI heavy quark mass in the matching procedure can be calculated
on these lattices. With the interpolations in the valence quark masses, we are able to determine the
improvement coefficient and the renormalization constant at any heavy quark mass in a range from
massless quarks to the bottom quark.
Apart from the generation of the computational very costly QCD ensembles, also the HQET
ensembles in the matching volume have to be generated. This is our next step towards the non-
perturbative matching.
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